
Lecture # 16

CS 170

Spring 2021



Zero Sum Games

Ex : Rock - Paper - Scissors ( R- P - S )
2 Players ( call them Row and Col )
Both pick one of R

,

P
,
or S; who wins ?

Col
R P S

R O - l l each arty of
"

utility matrix
"

Row : P l O - I says how much Row wins
,

S - I I 0 = how much Col loses

( reason for name
"

Zero Sum
")

Row wants to maximizevalue of entry
Col wants to minimize value of entry
What is best strategy for Row? for Col ?

,



What does
"

play the game
"

mean ? ( 1137

Col
R P S

R O - l l Row
Row : p i o - I do1)wantstofmm.FI! mm! entry

s - l l O

1) Row picks R
.

Por S
,

tells Col
,
then Col picks

Co ) always wins
2) Col picks R

,
P or S

,

tells Row
,
then Row picks

Row always wins
3) Row and Col pick, then-annoynceatsameti.me
What is best strategy for Row, or Col ?

2



What does
"

play the game
"

mean? ( 213)
Col
R P S

R

Row : Ps III &:DwantstoChian::! entry

3) Row and Col pick, then announce at same time

3a) Row (almost) always picks same row

Col notices this
,
can (almost) always win

3 b) Col (almost) always picks same column

Row notices this
,
can (almost ) always win
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What does
"

play the game
"

mean? 1313)
Col

jpi HE 3

c- = l R O - l l Xi Row
Row : EZ P yo

,
fix . do1)wantstoff mm! entry

i =3 S X 3

g. Yr 433) Row and Col pick, then announce at same time
Row picks row i with probability Xo

Col picks coluznnj with probability yj
Let U -347 ID -

"

utility
"

Probability of picking Uci = Xi - yj
Expected utility = E 'U =

§g Uli, j ) - Xi - y ;
How should LE:D tickly to Lmmiaffmm: EU
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Choosing a
"

strategy
"

for game
r p s

Bx ,• Row 's strategy = x = Cx ,,x→xs) U=/! to] par
S XzCol 's strategy = y = (

Yi , ya ,Ys) g. guys
• Ex : x = ( Is

,

I
,
st )
, y

= ( o
,
0
,
I )

Eu =§. Ukijlxi - y;
= 's ?Uli,37=0

• Ex : x -- Cts
,
I
,
I )

, y
= (
Yi , y >yd

EU -

-§Uli,jlxiy; = 's § y.si?zUli.j)--ts?gyj -0=0
• Similarly , if x - (x , xz , xs) , y -- Hats .'s) then HIU --O
• Both Row and Col have strategies that guarantee
the other player wins 0 in expectation
• Value of game

= EU -- O ,
with solution Cx,yH¥II¥§



Let's try a different game
L R

T 5 -3Row
B - l l

Col

• Is x --CI
,
I ) still a good strategy for Row ?

if Col picks ( L) then # u=fI
-S '- IH) -2)EC-3) + I (1) = - I

⇒ Col should choose R
,
loses EU = - l

,
wins + I

• Is
y
-

- CI
,
I ) still a good strategy for Col ?

if Row picks 1,5) then EU
-Stift ) - I ]I.C- D tha) = O

⇒ Row should choose T
,
wins Eu = I

• Not like RPS
, expect a better strategy
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Let 's, "try a different game
L R

row 's T 5 -3 Are there better strategies
IB - l l for Row and Col than CIE) ?
Col

• Suppose Row plays x - Cst ,¥ )
if Col picks ( LR) then EU is +Ift ) =})Is f-3) tf G) =}
Row wins I

,
no matter what Col 's strategy is

• Suppose Col plays g.
= (Z

,
I)

if Row picks ( BT) then EV -

- ( E
-5+31-37=5' )I C-Dt } = }

(ol loses I no matter what Row's strategy is
• Value of game = II U

- f- with solution CX.gl y



Solving a Zero Sum Game as a LP (1/2)
L R

Row
"T 5 -3 Rephrase finding the best
x. B - l l strategies for Row and Colas dual LPsCol -

• Row 's goal : choose x -- (x ,xD to
maximize payoff from Col 's best response :

L R
pick x to maximize min(Sx , - Xa

,

-3x.tk)
• Convert to LP : for Row
constraints : Xi ? O

, Xz 20 , X it XEI

compute mihc " ) maximize z : ZESX .-Xa
,
ZE-3X.tk

LP : maximize 2- = 1.zt OH , t 0×2
5.t

.

X i20
,
XZZO, X , tail , 2- ESX ,- Xa

,
ZE -3x

, the
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Solving a Zero Sum Game as a LP ( 212)
is'K

Row
T 5 -3 Rephrase finding the best
B - l l strategies for Row and Colas dual LPsCol

• Col 's goal : choose y -- ly , ,yz ) to
minimize payoff from Row's best response :

T

picky to minimize maxfsy ,
-3
ya ,

-ytftyz)
• Convert to LP :

constraints : ya 20 , yz ZO , yet yet
compute mad " ) minimize w : wZ5y ,-3g, WI -yitya
LP : minimize w .

-

- I.wt O-

get O
-

ya
s.t.y.IO, YEO, yet yet , wZSyr3ye, uh -yitga

g



These Two LPs are Dual 10

• Row 's LP : maximize .
Col 's LP : minimize

2- =L- Zt x.TO. Xa St
.

W =L . w toy , to -

ya sit .

X
,
20
,
XZZO

, Xitxizl, YIZO, YEO , yay⇐ I

ZESX
.
- Xz

,

ZE -3xitXz I WZSY , -3y↳WZ-yitya
• Write z=Z ,

-Ze
,
ZEO
,
ZEO . Write W=W

,
-wz

,
WEQWZZO

ma

:÷ai¥o¥
.

in

;±a¥"'¥.FR
Zi- Zz-Sxitxzko I - I -5 I O l l 00

£
I

¥¥¥ix⇐ofo : toffs :
-X ,- Xa E - I 00 - l - I

- l l - l l - I 0

maxctx sit . A - I Eb mintbtjst . Atyzc
I 20 of 20

Dual⇒ Row's and Col 's strategiesmatch :z=Ex=bty=w



General Approach to Zero Som Games
• Game specified by mxn matrix U

T

Row strategy =x=(Xi , xz , - -
- Xm )

,
Xiao

, Ex-El
TCol strategy =

y
'

- Cgi , ya, - . . , yn ) , y ; 20 , f. Yi ⇒
T

• Expected Utility = EU = §. Uli, j ) -Xi -yj=xYyy,
Row 's Goal : Col 's Goal :

pick x to maximize minGTV ) pick y to minimize max (Uyl
maximize z : ZECXTUIJ in minimize w

Xiao i - l : m Exist wz ( Vy) i i - l im

yif-qj-l.in Ey; =L

Dual : max z
- min w = Value of Game

solve using simplex . . . 11



Game Theory. - A little history

• Von Neumann - before duality of LPs

• Many variations :

more than 2 players
nonzero (Zero som

perfect / imperfect information (poker)
combinatorial Inoa combinatorial ( chess)

9.i. crete vs continuous ( robot motion planning)
• Many Applications
economics

, computational complexity, sociology , biology,
• Many Prizes

philosophy . .

.

5 Nobel Prizes Cll recipients ) Economics
4 Oscars - A Beautiful Mind - John Nash 12


